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Introduction

‣Hierarchies in gauge and Yukawa sectors
potentially solvable by Walking Technicolor 
(WTC)

Holdom(1981),
Yamawaki, Bando, Matsumoto(1986),
 Appelquist, Karabali, Wijewardhana(1986),
Akiba, Yanagida(1986),
Bando, Morozumi, So, Yamawaki(1987) 

c.f. TC   : Weinberg(1979), Susskind(1979),
       ETC: Eichten and Lane (‘80), Dimopoulos and Susskind (‘79)



One of the Keys

EQUATIONS

N. YAMADA

mSM ∼ 1

M2
ETC

C(µ)〈0|ψ̄ψ(µ)|0〉(1)

− lnσP (u, s)

ln s
= lim

a→0

− ln ΣP (u, s, a)

ln s

[
= γm(u)

]
(2)

aM = 2 am +
(ap)2

am
− CFαV (r)

a

r
+ · · ·(3)

In the zero-th approximation, the size of bound state is given by

r̄ ∼ 1

p̄
∼ 1

m v̄
∼ 1

mαV (r̄)
(4)

aM = 2 am +
(2π)2

m

( a

L

)2

− CFαV (L)
a

L
+ · · ·(5)

g2
lat(sL, a) = g2(sL) + c

( a

sL
− a

L

)
+ O(a2/L2)(6)

γSF =
8

(4π)2
g2
{
1 + (0.1251 + 0.0046 Nf ) g2

}

γSF
FP =






2.76183 for Nf= 8
1.25265 for Nf=10
0.50772 for Nf=12

∼ O(1)

γSF < 0.6 Sextet QCD with 2-f [DeGrand et al., arXiv:1006.0707v1]
0.05 < γSF < 0.56 2-color adj. QCD with 2-f [Bursa et al., arXiv:0910.4535v1]
0.135 < γSF < 1.03 2-color QCD with 6-f [Bursa et al., arXiv:1007.3067v1]
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γm must be large when β～0!

≫1

Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · March 20, 2010

9 ZP

If the anomalous dimensio of mass is almost independent of mu, the Wilson coefficient of scalar bilinear
operator becomes

C(MTC) ∼
(

METC

MTC

)γ

(131)

The normalization constant ZP of the pseudoscalar constant density is defined by

ZP (g2
0, L/a) = c

√
3 f1

fP (L/a)
at mq = 0, (132)

where c is chosen so that ZP = 1 at tree level. The values of c for our SF setup are tabulated in Tab. 9.

ΣP (u, s, a/L) =
ZP (g2

0, s L/a)
ZP (g2

0, L/a)
at mPCAC

q = 0, g2
SF(L) = u. (133)

m ψ̄RψR. = Zm(L)m0 ZS(L)ψ̄0ψ0 = m0 ψ̄0ψ0 (134)

Thus,

Zm(L) =
1

ZS(L)
=

1
ZP (L)

. (135)

σP (u, s) =
ZP (sL)
ZP (L)

∣∣∣∣
g2
SF(L)=u

. (136)

Recall

τ(g2(L)) =
L

m(L)
∂ m(L)

∂L
= d1 g2(L) + d2 g4(L) + d3 g6(L) + · · · , (137)

then

L

m(L)
∂ m(L)

∂L
=

L

Zm(L)
∂ (Zm)

∂L
= − L

ZP (L)
∂ZP

∂L
= τ(g2), (138)

L

ZP (L)
∂ZP (L)

∂L
= − L

m(L)
∂m(L)

∂L
= −τ(g2(L)). (139)

Phenomenologically relevant quantity is

〈FF 〉(1/METC) =
ZP (1/METC)
ZP (1/MTC)

〈FF 〉(1/MTC) (140)

In the leading approximation,

τ ∼ d1 g2 =
8

(4π)2
g2 = 0.05066 g2, (141)

which is tiny as long as g2 ∼ O(1). Then

L

ZP (L)
∂ZP (L)

∂L
= −τ(g2(L)) = − 8

(4π)2
g2(L) + O(g4(L)), (142)

ZP (L1)
ZP (L2)

=
(

u1

u2

)− d1
b1

=
(

u1

u2

)− 8

2(11− 2
3 Nf )

=
(

u1

u2

)− 12
13

, (143)

σP (u, s) =
(

σ(u, s)
u

)− 12
13

. (144)

N. Yamada page 36 / 40

EQUATIONS

N. YAMADA

C(µ) = exp
(∫ METC

µ
dµ′γ(µ′)

µ′

)
= exp

(∫ g2(METC)

g2(µ)
dg′2

γ(g′2)
β(g′2)

)
(1)

1

m

m

Find such gauge theories.
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Find the location of Nfc in various gauge theories.
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Perturbative prediction
SU(3) gauge theory with Nf fundamental Dirac fermions:

Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · March 5, 2009

Nf 4 6 8 10 12 14 16
2-loop universal 27.74 9.47 3.49 0.52

3-loop SF 43.36 23.75 15.52 9.45 5.18 2.43 0.47
3-loop MS 159.92 18.40 9.60 5.46 2.70 0.50
4-loop MS 19.47 10.24 5.91 2.81 0.50

Table 7: The IRFP from perturbative analysis.

The relation of the two couplings in the SF and MS schemes is given by

g2
MS

= g2
SF +

cθ
2

4π
g4
SF + O(g6

SF), (66)

cθ
2 = c2,0 + Nf cθ

2,1 = 1.25563 + Nf (−4π)(P cSW
3 + rcSW,θ

0 ), (67)

rcSW,θ
0 =















−0.034664940(4) for cSW = 1, θ = π/5,
−0.009868186(4) for cSW = 0, θ = π/5,
−0.03328359(1) for cSW = 1, θ = 0,
−0.00848683(1) for cSW = 0, θ = 0

(68)

P cSW
3 =

{

0.031493 for cSW = 1,
0.006696 for cSW = 0,

(69)

cθ
2,1 = − 4π

(

P cSW
3 + rcSW,θ

0

)

=

{

0.039863(2) for θ = π/5,
0.022504(2) for θ = 0

. (70)

Notice that both of P cSW
3 and rcSW,θ

0 depend on cSW, but in the sum the dependence cancels and hence cθ
1,1

is independent of cSW. Using eq. (66), we then obtain the ratio of the Λ-parameters in two schemes as

Λθ
SF

ΛMS

= exp

(

−
c2,0 + Nf cθ

2,1

4 π b1

)

(71)

Fig. 8 shows the ratio of the Λ-parameters defined in the SF and MS schemes, where θ = 0 and π/5 are taken
in the SF scheme.

7 Very Preliminary Results

In this subsection, I push the argument forward based on a few reasonable assumptions. First let me define
“a running coupling in finite lattice spacing” as follows. That is defined by carrying out the step scaling
procedure in two l = L/a data. In other words, this coupling is obtained by usual step scaling but without
taking continuum limit. To be specific, set the initial coupling u0 = g2

l1l2
(L1), find the value of g2

0 in the
l1 = L1/a data which satisfies

gfit
SF,l1

2
(g2

0) = u0. (72)

Then read the value of the coupling for the l2 = L2/a data at g2
0, i.e. gfit

l2

2
(g2

0), and label this as ul1l2
1 =

g2
l1l2

(rL1) where r = l2/l1. If one repeats this procedure n times, we obtain a series of ul1l2
N = g2

l1l2
(rNL1)

(N=0, 1, 2, · · · , n). As an example, set the initial coupling to u0 = 0.8, choose a pair of (l1, l2) to be (4,

6) and making a step scaling, we then obtain u(6/4)
N , which is plotted agains ln [(L/L1)] in Fig. 9 (red). The

results from two other pairs, (l1, l2)=(4, 8) and (6, 8), are also shown. Notice that since any of two data
obtained in our simulation intersect ul1l2

N necessarily stops running.
For later use, I introduce the discrete β function (DBF) [9]

Bl1l2(u, r) =
1

g2
l1l2

(rL)|u
−

1

u
. (73)
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Perturbative IRFP (gFP2)

Anomalous dimension of mass in SF scheme:

With gFP2 for 3-loop β-function in SF scheme,

EQUATIONS
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g2
lat(sL, a) = g2(sL) + c

( a

sL
− a

L

)
+ O(a2/L2)(1)

γSF =
8

(4 π)2
g2

{
1 + (0.1251 + 0.0046Nf ) g2

}

γSF
FP =






2.14 for Nf= 8
1.08 for Nf=10
0.47 for Nf=12

∼ O(1)

γSF < 0.6 Sextet QCD with 2-f [DeGrand et al., arXiv:1006.0707v1]
0.05 < γSF < 0.56 2-color adj. QCD with 2-f [Bursa et al., arXiv:0910.4535v1]
0.135 < γSF < 1.03 2-color QCD with 6-f [Bursa et al., arXiv:1007.3067v1]

lim
s→1+

BSF(u, s)

ln(s)
= −β(u)

u2
(2)

g2
0

g2
li

=
1 − ali,1 g4

0

1 + pli,1 g2
0 +

∑N
n=2 ali,n g2n

0

(3)

1

uSF
=

1

u0
+ BSF(u0, r)(4)

Blat(u0, lj, li) = BSF(u0, rji) + c(u0) ×
(

1

li
− 1

rjili

)
(5)

for (i, j)=(1,2), (1,3), (2,3)

ln(r21)

ln(rji)
Blat(u0, lj, li) =

ln(r21)

ln(rji)
BSF(u0, rji) +

ln(r21)

ln(rji)
c(u0) ×

(
1

li
− 1

rjili

)

≈ BSF(u0, r21) +
ln(r21)

ln(rji)
c(u0) ×

(
1

li
− 1

rjili

)

ln(r21)

ln(rji)
Blat(u0, lj, li) = BSF(u0, r21) +

ln(r21)

ln(rji)
c(u0) ×

(
1

li
− 1

rjili

)
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- Schrödinger Functional method
-Wilson gauge + Wilson fermions
-Box size : L/a = 6, 8, 12, 16
-Bare coupling : β = 4.4 ~ 96.0
- # of trajectories for each simulation : 10 k ~ 500 k
-Standard HMC algorithm (implemented in cuda)

Lattice setup

‣Wilson fermion explicitly breaks χ-symmetry
⇒ kappa has been tuned to “mq=0” in all (β, L/a).
‣Step scaling factor is fixed to s=2. Two data s=12/6 and 16/8 available.
‣Continuum limit using two data assuming linear scaling violation
⇒ Validity is checked.



Machines

- Supercomputer@KEK (SR11K, BG/L)
- GPGPU & CPU servers@KEK
- INSAM GPU cluster@Hiroshima
- GPGPU, GCOE cluster system@Nagoya
- B-factory computer system@KEK
- φ@KMI, Nagoya
- ...



α(μ) in 10-flavor QCD
Update of Phys. Rev. D83:074509, 2011 [arXiv:1011.2577 [hep-lat]]



gSF2(L) vs g02
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Figure 7: g2
0 vs g2

SF.

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

1

u
l′1l′2
1 |u0

−
1

u0

)

=
ln(r)

ln(r′)
BSF(u0, r

′) +
ln(r)

ln(r′)

(

1

l′1
−

1

r′ l′1

){

e1(u0) + e2+(u0)

(

1

l′1
+

1

r′ l′1

)

+ e2−(u0)

(

1

l′1
−

1

r′ l′1

)}

(86)

≈ BSF(u0, r) +
ln(r)

ln(r′)

(

1

l′1
−

1

r′ l′1

){

e1(u0) + e2+(u0)

(

1

l′1
+

1

r′ l′1

)

+ e2−(u0)

(

1

l′1
−

1

r′ l′1

)}

. (87)
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β κ Trajs. plq. δτ Acc. g2
SF M

24.0000 0.1288000 22,890 0.916505(0.000002) 0.0067 0.796(0.003) 0.28368(0.00057) 0.00011(0.00002)
12.0000 0.1332590 40,950 0.830799(0.000003) 0.0091 0.718(0.011) 0.66384(0.00293) −0.00016(0.00002)
9.6000 0.1358600 30,900 0.787096(0.000002) 0.0080 0.807(0.003) 0.90538(0.00570) −0.00023(0.00003)
7.4000 0.1403250 81,075 0.721190(0.000003) 0.0111 0.812(0.002) 1.38875(0.00785) 0.00001(0.00003)
6.8000 0.1422900 39,796 0.695613(0.000004) 0.0133 0.787(0.002) 1.63562(0.01649) −0.00042(0.00005)
6.3000 0.1443400 69,000 0.670503(0.000004) 0.0133 0.798(0.002) 1.91412(0.01628) −0.00036(0.00004)
6.0000 0.1457950 57,900 0.653370(0.000004) 0.0156 0.749(0.004) 2.13394(0.01904) 0.00045(0.00005)
5.5000 0.1488500 50,330 0.620911(0.000007) 0.0143 0.782(0.002) 2.67936(0.03897) −0.00047(0.00011)
5.0800 0.1521310 23,760 0.588803(0.000007) 0.0139 0.804(0.003) 3.24742(0.07271) −0.00003(0.00012)
5.0000 0.1528550 86,354 0.582121(0.000004) 0.0143 0.798(0.002) 3.88765(0.11951) 0.00001(0.00008)
4.8000 0.1548310 46,000 0.564445(0.000008) 0.0156 0.755(0.002) 5.72911(0.49013) 0.00003(0.00014)
4.6000 0.1570500 98,805 0.544764(0.000008) 0.0143 0.793(0.001) 8.30490(0.60224) 0.00129(0.00012)
4.5500 0.1576750 107,069 0.539609(0.000010) 0.0139 0.809(0.002) 10.81452(0.80073) 0.00011(0.00011)
4.5200 0.1580650 42,400 0.536387(0.000021) 0.0156 0.754(0.002) 17.34193(3.72829) −0.00030(0.00021)

Table 4: Simulation parameters and some results at L/a=16.

β κ Trajs. plq. δτ Acc. g2
SF M

4.5500 0.1576500 40,279 0.540068(0.000014) 0.0143 0.781(0.003) 11.06772(1.31693) −0.00109(0.00015)
Table 5: Simulation parameters and some results at L/a=18.

β κ Trajs. plq. δτ Acc. g2
SF M

12.0000 0.1332100 1,000 0.830292(0.000005) 0.0063 0.779(0.005) 0.63513(0.01909) −0.00047(0.00005)
9.6000 0.1358040 1,000 0.786502(0.000007) 0.0100 0.707(0.011) 0.88595(0.05777) −0.00017(0.00025)
6.8000 0.1422800 4,612 0.695098(0.000006) 0.0091 0.751(0.008) 1.60432(0.08073) −0.00158(0.00012)
6.0000 0.1457500 4,606 0.652930(0.000006) 0.0091 0.782(0.006) 2.15376(0.11356) 0.00016(0.00007)
5.5000 0.1487870 890 0.620654(0.000018) 0.0091 0.816(0.014) 2.41626(0.19425) −0.00008(0.00023)
5.0000 0.1527770 1,950 0.582228(0.000011) 0.0100 0.752(0.005) 4.18070(0.60766) 0.00023(0.00023)
4.6000 0.1569740 4,552 0.545997(0.000013) 0.0100 0.758(0.006) 5.71882(0.69951) −0.00079(0.00024)
4.5500 0.1575600 5,773 0.540671(0.000025) 0.0100 0.752(0.006) 8.36562(1.87384) 0.00011(0.00025)

Table 6: Simulation parameters and some results at L/a=24.

4.2 M vs g2
SF

First we check the M dependence of g2
SF. The data at larger β are shown in Fig. 1, and those at smaller β

in Fig. 2. Since no statistically significant M dependence is observed, we do not take the massless limit and
instead the raw data are sent to the next procedure, ı.e. fitting g2

SF as a function of g2
0.

4.3 g2
0 vs g2

SF

We fit g2
SF as a function of g2

0(=6/β). I tested several functional forms, which include the Laurent expansion
form and the form adopted in Refs. [7]. (It appears that Refs. [6] and [7] take different interpolating functions.)
Eventually I change the main quantity to be analyzed from g2

SF to 1/g2
SF, and so accordingly the interpolating

function is fixed to

g2
0

gfit
L/a

2 =
1 − aL/a,1 g4

0

1 + p1,L/a g2
0 +

∑N
n=2 aL/a,n × g2 n

0

. (55)
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Fitted to

N  is taken to be 4 or 5 depending on L/a.



Discrete Beta function

On the lattice,

Y. Shamir, B. Svetitsky, and T. DeGrand, Phys. Rev. D 78, 031502 (2008).
T. DeGrand, Y. Shamir, and B. Svetitsky, Phys. Rev. D 82, 054503 (2010).
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B(u, s) =
1

σ(u, s)
− 1

u
,(1)

u = g2
R(L),(2)

σ(u, s) = g2
R(sL)(3)

mSM ∼ 1

M2
ETC

C(µ)〈0|ψ̄ψ(µ)|0〉(4)

− lnσP (u, s)

ln s
= lim

a→0

− ln ΣP (u, s, a)

ln s

[
= γm(u)

]
(5)

aM = 2 am +
(ap)2

am
− CFαV (r)

a

r
+ · · ·(6)

In the zero-th approximation, the size of bound state is given by

r̄ ∼ 1

p̄
∼ 1

m v̄
∼ 1

mαV (r̄)
(7)

aM = 2 am +
(2π)2

m

( a

L

)2

− CFαV (L)
a

L
+ · · ·(8)

g2
lat(sL, a) = g2(sL) + c

( a

sL
− a

L

)
+ O(a2/L2)(9)

γSF =
8

(4π)2
g2
{
1 + (0.1251 + 0.0046 Nf ) g2

}

γSF
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∼ O(1)

γSF < 0.6 Sextet QCD with 2-f [DeGrand et al., arXiv:1006.0707v1]
0.05 < γSF < 0.56 2-color adj. QCD with 2-f [Bursa et al., arXiv:0910.4535v1]
0.135 < γSF < 1.03 2-color QCD with 6-f [Bursa et al., arXiv:1007.3067v1]
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EQUATIONS

N. YAMADA

B(u, s) =
1

σ(u, s)
− 1

u
,(1)

u = g2
R(L),(2)

σ(u, s) = g2
R(sL)(3)

B0(u, s, l) =
1

Σ0(u, s, l)
− 1

u
,(4)

l = L/a,(5)

σ(u, s) = g2
R(sL)(6)

mSM ∼ 1

M2
ETC

C(µ)〈0|ψ̄ψ(µ)|0〉(7)

− lnσP (u, s)

ln s
= lim

a→0

− ln ΣP (u, s, a)

ln s

[
= γm(u)

]
(8)

aM = 2 am +
(ap)2

am
− CFαV (r)

a

r
+ · · ·(9)

In the zero-th approximation, the size of bound state is given by

r̄ ∼ 1

p̄
∼ 1

m v̄
∼ 1

mαV (r̄)
(10)

aM = 2 am +
(2π)2

m

( a

L

)2
− CFαV (L)

a

L
+ · · ·(11)

g2
lat(sL, a) = g2(sL) + c

( a

sL
− a

L

)
+ O(a2/L2)(12)

Date: October 12, 2011.
1

We take Schrödinger Functional scheme for ɡ2R.

u=gR2(g02, l) : input,
Σ0(g02, s l) : output

In continuum,



One-loop improvement

One-loop improvement of DBF is performed.

β κ Trajs. plq. δτ Acc. g2
SF M

48.0000 0.1269700 11,200 0.958648(0.000002) 0.0056 0.815(0.003) 0.13304(0.00033) −0.00014(0.00003)

24.0000 0.1288929 54,620 0.916777(0.000002) 0.0083 0.798(0.002) 0.28432(0.00036) −0.00008(0.00002)

12.0000 0.1333359 68,955 0.831306(0.000003) 0.0125 0.808(0.002) 0.66007(0.00119) −0.00012(0.00003)

9.6000 0.1359350 86,700 0.787681(0.000003) 0.0133 0.806(0.002) 0.90325(0.00233) −0.00001(0.00003)

7.4000 0.1404060 106,050 0.721824(0.000004) 0.0154 0.795(0.004) 1.36896(0.00543) −0.00001(0.00004)

6.8000 0.1423250 45,150 0.696157(0.000006) 0.0167 0.819(0.002) 1.59998(0.00983) 0.00091(0.00006)

6.3000 0.1444050 23,500 0.671015(0.000014) 0.0182 0.767(0.002) 1.89012(0.01692) 0.00013(0.00012)

6.0000 0.1459000 43,296 0.653900(0.000008) 0.0182 0.820(0.007) 2.10612(0.02202) 0.00011(0.00007)

5.8000 0.1470200 43,400 0.641479(0.000007) 0.0182 0.799(0.002) 2.22171(0.02802) −0.00009(0.00007)

5.5000 0.1489400 45,200 0.621162(0.000012) 0.0167 0.842(0.003) 2.58933(0.02496) 0.00017(0.00017)

5.2000 0.1512000 68,000 0.598557(0.000009) 0.0200 0.781(0.002) 3.06212(0.03210) 0.00056(0.00009)

5.0800 0.1522350 25,480 0.588819(0.000013) 0.0167 0.848(0.002) 3.39969(0.08924) 0.00015(0.00013)

5.0000 0.1529700 90,921 0.582135(0.000019) 0.0167 0.826(0.002) 3.67356(0.08908) −0.00044(0.00020)

4.8000 0.1549700 194,300 0.564213(0.000006) 0.0182 0.810(0.002) 4.84805(0.14509) 0.00009(0.00011)

4.6000 0.1572300 127,922 0.544423(0.000012) 0.0182 0.818(0.002) 7.29885(0.38589) 0.00075(0.00017)

4.5500 0.1578500 57,260 0.539025(0.000021) 0.0192 0.802(0.002) 10.15231(1.11827) 0.00125(0.00027)

4.5000 0.1585500 104,570 0.534014(0.000049) 0.0250 0.701(0.007) 13.03915(1.33994) −0.00237(0.00039)

TABLE IV: Simulation parameters and results obtained at L/a=12.

The meaning of the subscript “0” becomes clear soon. Of course, both l and s · l must be

equal to one of 6, 8, 12, and 16, and hence the possible values for the rescaling factor s are

limited. The difference between Σ0(u, s, l) and u gives the scale dependence through the

scale change from L to s · L, up to lattice artifacts.

Since the raw data of 1/g2
SF(g2

0, l) fluctuate around zero in the strong coupling region,

converting from 1/g2
SF(g2

0, l) to g2
SF(g2

0, l) sometimes induces huge statistical uncertainty. To

avoid this we treat the inverse coupling constant, 1/g2
SF(g2

0, l), directly. Then, to see the

scale dependence of the inverse coupling constant, we introduce the lattice DBF [20, 23] by

B0(u, s, l) =
1

Σ0(u, s, l)
−

1

u
. (30)

We calculate the continuum limit of this function for various initial values of the coupling

15

Unimproved DBF:

L/a N χ2/dof aL/a,1 aL/a,2 aL/a,3 aL/a,4 aL/a,5

6 3 9.0(1.3) 0.4906( 0.0025) -0.2749( 0.0105) -0.1897( 0.0151)

6 4 1.4(0.5) 0.5048( 0.0014) -0.3993( 0.0119) 0.1136( 0.0283) -0.2042( 0.0184)

6 5 1.3(0.5) 0.5015( 0.0032) -0.4240( 0.0256) 0.2538( 0.1301) -0.4043( 0.1815) 0.0899( 0.0808)

8 3 2.1(0.7) 0.5068( 0.0018) -0.2308( 0.0104) -0.2412( 0.0150)

8 4 0.6(0.3) 0.5153( 0.0019) -0.3410( 0.0260) 0.0405( 0.0629) -0.1852( 0.0390)

8 5 0.6(0.8) 0.5153( 0.0051) -0.3419( 0.1697) 0.0444( 0.7500) -0.1904( 0.9672) 0.0021( 0.3906)

12 3 3.0(1.0) 0.5239( 0.0047) -0.1923( 0.0118) -0.3019( 0.0198)

12 4 1.1(0.6) 0.5400( 0.0038) -0.3614( 0.0376) 0.1063( 0.0884) -0.2671( 0.0550)

12 5 1.0(0.6) 0.5438( 0.0039) -0.2783( 0.0726) -0.2779( 0.2977) 0.2457( 0.3815) -0.2165( 0.1582)

16 3 4.9(1.4) 0.5308( 0.0055) -0.1881( 0.0266) -0.3057( 0.0375)

16 4 1.8(0.8) 0.5520( 0.0039) -0.4948( 0.0663) 0.4387( 0.1516) -0.4762( 0.0903)

16 5 1.9(0.9) 0.5538( 0.0050) -0.4403( 0.1324) 0.1801( 0.5648) -0.1283( 0.7332) -0.1457( 0.3025)

TABLE VII: The results for the coefficients in the fit function (27)

g2
SF(L). Its perturbative expression is given by

σ(u, s) = u + s0u
2 + s1u

3 + s2u
4 + · · · , (31)

s0 = b1 ln(s), (32)

s1 = ln(s)
(

b1
2 ln(s) + b2

)

, (33)

s2 = ln(s)

(

b1
3 ln2(s) +

5

2
b1b2 ln(s) + b3

)

, (34)

where bi’s are the coefficients of the β-function introduced in Sec. III. Recalling the para-

metric form of the discretization error [35], the error normalized by σ(u, s), denoted by

δ0(u, s, l), is written as

δ0(u, s, l) =
Σ0(u, s, l) − σ(u, s)

σ(u, s)
= δ(1)(s, l) u + δ(2)(s, l) u2 + O(u3). (35)

With Eq. (31), the discretization error at the lowest order in u is found to be

δ(1)(s, l) =
(

p1,s·l − b1 ln(s · l)
)

−
(

p1,l − b1 ln(l)
)

= p1,s·l − p1,l − b1 ln(s). (36)

Now by replacing Σ0(u, s, l) in Eq. (35) with Σ1(u, s, l) = Σ0(u, s, l)/(1 + δ(1)(s, l) u), the

discretization error reduces to O(u2). Using Σ1(u, s, l), the one-loop improved DBF is defined
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First, introduce the following quantities:

u = g2(L), σ(u, s) = g2(sL), Σ0(u, s, L/a), (109)

where u and σ(u, s) are the quantities in continuum limit while Σ0(u, s, L/a) is the lattice data whose contin-
uum limit is supposed to approach to σ(u, s). The discretization error of Σ0(u, s, L/a) can be parameterized
as

δ0(u, s, L/a) =
Σ0(u, s, L/a) − σ(u, s)

σ(u, s)

= δ(1)(s, L/a)u + δ(2)(s, L/a)u2 + δ(3)(s, L/a)u3 + · · · . (110)

The one-loop coefficient δ(1) is related to p1(L/a) as

δ(1)(s, L/a) =
(

p1(sL/a) − b1 ln(sL/a))
)

−
(

p1(L/a) − b1 ln(L/a))
)

, (111)

thus we can calculate it by perturbation. The improvement coefficients of the two-loop and higher order terms
for our lattice setup are not available. The one-loop improvement can be realized by replacing Σ0(u, s, L/a)
with

Σ1(u, s, L/a) =
Σ0(u, s, L/a)

1 + δ(1)(s, L/a)u
. (112)

Indeed, with Σ1 the deviation becomes

δ1(u, s, L/a) =
Σ1(u, s, L/a) − σ(u, s)

σ(u, s)
=

Σ0(u, s, L/a) − σ(u, s)

σ(u, s)
−

Σ0 − Σ1

σ

= δ0 −
Σ0(1 − 1

1+δ(1)u
)

σ
= δ0 −

Σ0(1 + δ(1)u − 1)

σ(1 + δ(1)u)
= δ0 −

Σ0 δ(1)u

σ(1 + δ(1)u)

= δ0 −
σ

(

1 + δ(1)u + δ(2)u2 + O(u3)
)

δ(1)u

σ(1 + δ(1)u)

= δ(1)(s, L/a)u + δ(2)(s, L/a)u2 −
(

1 + δ(1)u + δ(2)u2
)(

1 − δ(1)u
)

δ(1)u + O(u3)

= δ(2)(s, L/a)u2 + O(u3). (113)

where we have used

Σ0 = σ
(

1 + δ(1)u + δ(2)u2 + O(u3)
)

. (114)

Similarly we can define

Σ2(u, s, L/a) =
Σ0(u, s, L/a)

1 + δ(1)(s, L/a)u + δ(2)(s, L/a)u2
, (115)

then the deviation δ2 becomes

δ2(u, s, L/a) =
Σ2(u, s, L/a) − σ(u, s)

σ(u, s)
=

Σ0(u, s, L/a) − σ(u, s)

σ(u, s)
−

Σ0 − Σ2

σ

= δ0 −
Σ0(1 − 1

1+δ(1)u+δ(2)u2 )

σ
= δ0 −

Σ0

(

δ(1)u + δ(2)u2
)

σ(1 + δ(1)u)

= δ0 −
u
(

1 + δ(1)u + δ(2)u2 + O(u3)
)(

δ(1) + δ(2)u
)

1 + δ(1)u

= δ(1)(s, L/a)u + δ(2)(s, L/a)u2 −
u
(

1 + δ(1)u
)(

δ(1) + δ(2)u
)

1 + δ(1)u
+ O(u3)

= δ(1)(s, L/a)u + δ(2)(s, L/a)u2 − u
(

1 + δ(1)u
)(

1 − δ(1)u
)(

δ(1) + δ(2)u
)

+ O(u3)

= O(u3). (116)
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L/a N χ2/dof aL/a,1 aL/a,2 aL/a,3 aL/a,4 aL/a,5

6 3 9.0(1.3) 0.4906( 0.0025) -0.2749( 0.0105) -0.1897( 0.0151)

6 4 1.4(0.5) 0.5048( 0.0014) -0.3993( 0.0119) 0.1136( 0.0283) -0.2042( 0.0184)

6 5 1.3(0.5) 0.5015( 0.0032) -0.4240( 0.0256) 0.2538( 0.1301) -0.4043( 0.1815) 0.0899( 0.0808)

8 3 2.1(0.7) 0.5068( 0.0018) -0.2308( 0.0104) -0.2412( 0.0150)

8 4 0.6(0.3) 0.5153( 0.0019) -0.3410( 0.0260) 0.0405( 0.0629) -0.1852( 0.0390)

8 5 0.6(0.8) 0.5153( 0.0051) -0.3419( 0.1697) 0.0444( 0.7500) -0.1904( 0.9672) 0.0021( 0.3906)

12 3 3.0(1.0) 0.5239( 0.0047) -0.1923( 0.0118) -0.3019( 0.0198)

12 4 1.1(0.6) 0.5400( 0.0038) -0.3614( 0.0376) 0.1063( 0.0884) -0.2671( 0.0550)

12 5 1.0(0.6) 0.5438( 0.0039) -0.2783( 0.0726) -0.2779( 0.2977) 0.2457( 0.3815) -0.2165( 0.1582)

16 3 4.9(1.4) 0.5308( 0.0055) -0.1881( 0.0266) -0.3057( 0.0375)

16 4 1.8(0.8) 0.5520( 0.0039) -0.4948( 0.0663) 0.4387( 0.1516) -0.4762( 0.0903)

16 5 1.9(0.9) 0.5538( 0.0050) -0.4403( 0.1324) 0.1801( 0.5648) -0.1283( 0.7332) -0.1457( 0.3025)

TABLE VII: The results for the coefficients in the fit function (27)

g2
SF(L). Its perturbative expression is given by

σ(u, s) = u + s0u
2 + s1u

3 + s2u
4 + · · · , (31)

s0 = b1 ln(s), (32)

s1 = ln(s)
(

b1
2 ln(s) + b2

)

, (33)

s2 = ln(s)

(

b1
3 ln2(s) +

5

2
b1b2 ln(s) + b3

)

, (34)

where bi’s are the coefficients of the β-function introduced in Sec. III. Recalling the para-

metric form of the discretization error [35], the error normalized by σ(u, s), denoted by

δ0(u, s, l), is written as

δ0(u, s, l) =
Σ0(u, s, l) − σ(u, s)

σ(u, s)
= δ(1)(s, l) u + δ(2)(s, l) u2 + O(u3). (35)

With Eq. (31), the discretization error at the lowest order in u is found to be

δ(1)(s, l) =
(

p1,s·l − b1 ln(s · l)
)

−
(

p1,l − b1 ln(l)
)

= p1,s·l − p1,l − b1 ln(s). (36)

Now by replacing Σ0(u, s, l) in Eq. (35) with Σ1(u, s, l) = Σ0(u, s, l)/(1 + δ(1)(s, l) u), the

discretization error reduces to O(u2). Using Σ1(u, s, l), the one-loop improved DBF is defined
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by

B1(u, s, l) =
1

Σ1(u, s, l)
−

1

u
. (37)

This completes the one-loop improvement.

The above procedure can be repeated to an arbitrarily higher order in u, but it requires

the perturbative coefficients like p1,l and the perturbative expression of σ(u, s) to the cor-

responding order in u. All the coefficients necessary for the two-loop improvement are not

available at this moment. Instead, we follow an alternative prescription proposed in Ref. [38].

After the one-loop improvement, the scaling violation is written as

δ1(u, s, l) =
Σ1(u, s, l) − σ(u, s)

σ(u, s)
= δ(2)(s, l) u2 + O(u3). (38)

If one can somehow know δ(2)(s, l), the scaling violation can be reduced to O(u3) by replacing

Σ0(u, s, l) in Eq. (35) with

Σ2(u, s, l) = Σ0(u, s, l)/(1 + δ(1)(s, l) u + δ(2)(s, l) u2). (39)

δ(2)(s, l) can be determined by fitting our data for δ1(u, s, l) in Eq. (38) to the function

quadratic in u. Notice that in order for this fitting to make sense, the perturbative series

of σ(u, s) must be known through O(u3). Since the first two coefficients, b1 and b2, are

available, the correct value of σ(u, s) can be calculated to O(u3) as seen from Eq. (31).

δ1(u, s, l) is fitted to the form of Eq. (38), neglecting O(u3) or higher order terms, for all

possible pairs of (s, l) as shown in Fig. 2. The fit has to be performed in a weak coupling

region where the perturbative expansion is reliable. We examine two fit ranges, 0 ≤ u ≤ 1.6

and 0 ≤ u ≤ 2.0, to see the fit range dependence. The extracted values for δ(2)(s, l) are

tabulated in Table VIII together with δ(1)(s, l) defined in Eq. (36).

The Table shows that the values of δ(1)(s, l) and δ(2)(s, l) lie between 10−2 and 10−3, and

δ(2)(s, l) turns out not to depend on the fit range. In the following analysis, we employ

δ(2)(s, l) from the shorter fit range. It is also seen from the Table that generally the coeffi-

cients for (s, l) = (4/3, 12) are the smallest among others. This is anticipated because the

improvement coefficient vanish as s approaches to unity or l becomes large. An exception is

the one-loop coefficient δ(1)(4/3, 6). Since two-loop coefficient δ(2)(4/3, 6) is, however, much

larger than δ(1)(4/3, 6), the smallness of δ(1)(4/3, 6) is probably by accident. In the data

sets we have, the data with (s, l) = (4/3, 6) is the coarsest one. As we will show in the
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Improved DBF:



Continuum limit

continuum limit: negative                 consistent with zero                         positive
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Figure 10: Linear extrapolation at 1/u = 0.5, 0.15, 0.1. Only the s = 2 data (filled symbols) is used.
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Figure 11: Continuum limit with two data points with s = 2.
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✓ The filled symbols (s=2) used in the extrapolation.
✓ Open symbols are the rescaled DBF.

                                                     

✓ If linear ansatz is valid and the continuum DBF is small, they should be on the fit 
line.  ➡ Self-consistent.

where ei(u) is an unknown coefficient of O(a) error and is a function of u. We then define

the rescaled lattice DBF by

B′
i(u, s, l, s′) =

ln(s)

ln(s′)
Bi(u, s′, l). (42)

In addition, using the continuum counterpart of Eq. (42), we define

δB(u, s, s′) = B(u, s) −
ln(s)

ln(s′)
B(u, s′), (43)

which represents the difference between the true continuum DBF and the rescaled continuum

DBF. Combining Eqs. (41), (42) and (43) together and introducing

ξ(s, l, s′) =
ln(s)

ln(s′)

(

1

l
−

1

s′l

)

, (44)

we arrive at

B′
i(u, s, l, s′) = B(u, s) + ξ(s, l, s′) ei(u) − δB(u, s, s′) + O(l−2). (45)

Therefore, if δB(u, s, s′) and O(l−2) (or higher order) discretization errors are negligible

compared to the statistical error of B′
i(u, s, l, s′), the numerical data of B′

i(u, s, l, s′) plotted

against ξ will line up on a single line, and even two unknown coefficients in Eq. (45), B(u, s)

and ei(u), for given u and s can be extracted from that behavior. Instead, if both or one of

them is large, the data will not align. Thus, whether B′
i(u, s, l, s′) plotted against ξ aligns

or not tests the validity of the linear extrapolation within the statistical uncertainty.

We comment on the size of δB(u, s, s′). Solving Eq. (1) perturbatively, the continuum

DBF is found to be

B(u, s) = − ln(s)

{

β(u)

u2
+ u2 ln(s)

1

2
b1b2 + u3 ln(s)

(

1

3
b1

2b2 ln(s) + b1b3 +
1

2
b2

2

)

}

+O
(

u4 ln2(s)
)

, (46)

and thus the perturbative expression of δB(u, s, s′) is

δB(u, s, s′) = u2 ln(s) ln
( s

s′

)

[

−
1

2
b1b2 + u

{

−
1

3
b1

2b2 ln(ss′) −
(

b1b3 +
1

2
b2

2

)

}

]

+O
(

u4 ln(s) ln(s/s′)
)

. (47)

Since the numerical values of bi’s are small, e.g. b1 ∼ 0.055, b2 ∼ −0.002, bSF
3 ∼ O(10−4),

δB(u, s, s′) is also small in the perturbative regime as 10−5×u2 (1.5+0.6 u), 10−5×u2 (1.1+
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where ei(u) is an unknown coefficient of O(a) error and is a function of u. We then define

the rescaled lattice DBF by

B′
i(u, s, l, s′) =

ln(s)

ln(s′)
Bi(u, s′, l). (42)

In addition, using the continuum counterpart of Eq. (42), we define

δB(u, s, s′) = B(u, s) −
ln(s)

ln(s′)
B(u, s′), (43)

which represents the difference between the true continuum DBF and the rescaled continuum

DBF. Combining Eqs. (41), (42) and (43) together and introducing

ξ(s, l, s′) =
ln(s)

ln(s′)

(

1

l
−

1

s′l

)

, (44)

we arrive at

B′
i(u, s, l, s′) = B(u, s) + ξ(s, l, s′) ei(u) − δB(u, s, s′) + O(l−2). (45)

Therefore, if δB(u, s, s′) and O(l−2) (or higher order) discretization errors are negligible
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Figure 12: Linear extrapolation at 1/u = 0.107 and 0.090. Data with l2/l1=18/12 and 18/16 are shown.
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sense unless nontrivial UV fixed point exists.
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9 ZP

The normalization constant ZP of the pseudoscalar constant density is defined by

ZP (g
2
0 , L/a) = c

√
3 f1

fP (L/a)
at mq = 0, (131)

where c is chosen so that ZP = 1 at tree level. The values of c for our SF setup are tabulated in Tab. 9.

ΣP (u, s, a/L) =
ZP (g20 , s L/a)

ZP (g20 , L/a)
at mPCAC

q = 0, g2SF(L) = u. (132)

m ψ̄RψR. = Zm(L)m0 ZS(L)ψ̄0ψ0 = m0 ψ̄0ψ0 (133)

Thus,

Zm(L) =
1

ZS(L)
=

1

ZP (L)
. (134)

σP (u, s) =
ZP (sL)

ZP (L)

∣

∣

∣

∣

g2SF(L)=u

. (135)

Recall

τ(g2(L)) =
L

m(L)

∂m(L)

∂L
= d1 g

2(L) + d2 g
4(L) + d3 g

6(L) + · · · , (136)

then

L

m(L)

∂m(L)

∂L
=

L

Zm(L)

∂ (Zm)

∂L
= −

L

ZP (L)

∂ZP

∂L
= τ(g2), (137)

L

ZP (L)

∂ZP (L)

∂L
= −

L

m(L)

∂m(L)

∂L
= −τ(g2(L)). (138)

Phenomenologically relevant quantity is

〈FF 〉(1/METC) =
ZP (1/METC)

ZP (1/MTC)
〈FF 〉(1/MTC) (139)

In the leading approximation,

τ ∼ d1 g
2 =

8

(4π)2
g2 = 0.05066 g2 , (140)

which is tiny as long as g2 ∼ O(1). Then

L

ZP (L)

∂ZP (L)

∂L
= −τ(g2(L)) = −

8

(4π)2
g2(L) +O(g4(L)), (141)

ZP (L1)

ZP (L2)
=

(

u1
u2

)−
d1
b1

=

(

u1
u2

)− 8
2(11− 2

3Nf )
=

(

u1
u2

)− 12
13

, (142)

σP (u, s) =

(

σ(u, s)

u

)− 12
13

. (143)

Since according to perturbative analysis the 10-flavor QCD is conformal theory, anomalous dimension of
mass is expected to be constant and scheme-independent. By solving the renormalization group equation, we
obtain

C(L1, L2) = C(u1, u2) = exp

(

−
∫ u2

u1

dg2
τ(g2)

β(g2)

)

, (144)
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l = L/a mc κc c = fP (T/2)√
(3 f1)

4 -0.062519575703283 0.126984758302464 0.959266782735117
6 -0.0269181334742097 0.125846890851312 1.00555577393987
8 -0.0148780522370037 0.125466674935925 1.02834695616669

10 -0.00942515654378063 0.125295231793461 1.04172161024341
12 -0.00650267040103044 0.125203539337338 1.05045523437431
14 -0.00475610301290391 0.125148805152312 1.05658554105194
16 -0.00362954050962438 0.125113526152868 1.06112086245982
18 -0.00286067652727568 0.125089460120594 1.06461466906287
20 -0.00231260274840318 0.125072310642335 1.06739524265106
22 -0.00190817551922474 0.12505965894491 1.06966943621898
24 -0.00160123086340603 0.125050058503287 1.0715740905182
26 -0.00136276827887375 0.125042601022545 1.07320343773262
28 -0.00117382435803938 0.125036692778908 1.0746245887585
30 -0.00102157441131744 0.125031932355673 1.07588672045747
32 -0.000897093527389078 0.12502804046146 1.07702675119812

Table 10: The numerical values of c.

In the SF setup, the renormalization constant of the pseudoscalar density on the lattice is defined by

Z lat
P (g2

0, l) = c

√
3 f1

fP (l)

∣

∣

∣

∣

mPCAC
q =0

, (133)

where c is chosen so that Z lat
P (g2

0, l) = 1 at tree level. Those in our SF setup are tabulated in Tab. 10.
We first calculate ZP (g2

0, l) with varying g2
0 and l, which are expressed by an interpolating function

Z lat
P (g2

0, l) = 1 +
N

∑

i=1

zi(g
2
0)

i. (134)

Fit results are shown in Tab.11 and Fig. 14.
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9 ZP

The combination m ψ̄RψR is scale-independent and scheme-independent and ZS = ZP holds because of chiral
symmetry. Using these facts and the definitions

m̄(L) = Zm(L)m0, (121)

ψ̄RψR(L) = ZS(L)ψ̄0ψ0, (122)

m ψ̄RψR. = Zm(L)m0 ZS(L)ψ̄0ψ0 = m0 ψ̄0ψ0, (123)

we can derive

Zm(L) =
1

ZS(L)
=

1

ZP (L)
. (124)

Anomalous dimension of mass is give by

τ(g2(L)) =
L

m(L)

∂ m(L)

∂L
= d1 g2(L) + d2 g4(L) + d3 g6(L) + · · · , (125)

L

m(L)

∂ m(L)

∂L
=

L

Zm(L)

∂Zm(L)

∂L
= −

L

ZP (L)

∂ZP

∂L
= τ(g2), (126)

L

ZP (L)

∂ZP (L)

∂L
= −

L

m(L)

∂m(L)

∂L
= −τ(g2(L)). (127)

Phenomenologically relevant quantity is

〈FF 〉(1/METC) =
ZP (1/METC)

ZP (1/MTC)
〈FF 〉(1/MTC) . (128)

The first factor in the r.h.s. basically describes the running of F̄F operator that is calculated in the SF
scheme using the step scaling technique, while the expectation of F̄F operator will be calculated in ordinary
lattice setup in future. In what’s follows, we focus on the calculation of the first factor.

Performing integration of eq. (127) leads to

σP (u, s) =
ZP (sL)

ZP (L)
= exp

(

−
∫ σ(u,s)

u
du′ τ(u′)

β(u′)

)

, (129)

where the upper end of the integration range σ(u, s) is the solution of

∫ σ(u,s)

u

du′

β(u′)
= ln(s). (130)

Thus, when calculating the perturbative prediction of σP (u, s) we have to specify τ(u) and β(u).
Following convention, we explicitly calculate perturbative σ(u, s) in two different sets of (τ, β), one set

consisting of one-loop τ(u) adn two-loop β(u) and another consisting of two-loop τ(u) and three-loop β(u).
Notice that in the first set τ and β are both scheme independent while in the second the both depend on
scheme. In this analysis, we choose the two-loop τ in the SF scheme with θ = 0 and vanishing t-boundary
condition and the three-loop β in the SF scheme with θ = 0 as the second set.

In addition to the above sets, we evaluate σP in the leading order (LO) approximation for later use. In
the LO approximation,

τ(u)|LO = d1 u =
8

(4π)2
u = 0.05066 u. (131)

Substituting this into eq. (127), we get

σP (u, s) =

(

σ(u, s)

u

)− 12
13

. (132)
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L
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〈FF 〉(1/METC) =
ZP (1/METC)
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In the leading approximation,

τ ∼ d1 g
2 =

8

(4π)2
g2 = 0.05066 g2 , (140)

which is tiny as long as g2 ∼ O(1). Then

L

ZP (L)

∂ZP (L)

∂L
= −τ(g2(L)) = −

8

(4π)2
g2(L) +O(g4(L)), (141)

ZP (L1)

ZP (L2)
=

(

u1
u2

)−
d1
b1

=

(

u1
u2

)− 8
2(11− 2

3Nf )
=

(

u1
u2

)− 12
13

, (142)

σP (u, s) =

(

σ(u, s)

u

)− 12
13

. (143)

Since according to perturbative analysis the 10-flavor QCD is conformal theory, anomalous dimension of
mass is expected to be constant and scheme-independent. By solving the renormalization group equation, we
obtain

C(L1, L2) = C(u1, u2) = exp

(

−
∫ u2

u1

dg2
τ(g2)

β(g2)

)

, (144)
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(s, l) (4/3, 6) (2, 6) (8/3, 6) (3/2, 8) (2, 8) (4/3, 12)

δ(1)
P (s, l) [0, 1.6] −0.0158(8) −0.0224(9) −0.0214(16) −0.0075(12) −0.0066(18) 0.0001(18)

χ2/dof 2.2 3.0 1.0 1.2 1.2 1.9

Table 12: Coefficients for perturbative correction, δ(1)
P (s, l) for each pair of (s, l). The square brackets in the

first column indicate the fit range in u.

The lattice step scaling function for ZP is defined by

Σ(0)
P (u, s, l) =

Z lat
P (g2

0, s l)

Z lat
P (g2

0, l)

∣

∣

∣

∣

g2
SF(g2

0 ,l)=u

. (135)

We also define the one-loop improved one by

Σ(1)
P (u, l) =

Σ(0)
P (u, l)

1 + δ(1)
P (s, l)u

. (136)

The improvement coefficients δ(1)
P (s, l) are determined by fitting δP,0 defined by

δP,0(u, s, l) =
Σ(0)

P (u, s, l) − σPT
P (u, s)

σPT
P (u, s)

= δ(1)
P u + O(u2), (137)

to a linear function, where σPT
P (u, s) is the perturbative prediction and eq. (132) is used. The fit results are

shown in Tab. 12. By taking the continuum limit of Σ(0,1)
P , σP (u, s) is nonperturbatively determined.

σP (u, s) = lim
a→0

Σ(0)
P (u, s, l) =

ZP (s L)

ZP (L)

∣

∣

∣

∣

mF =0, g2
SF(L)=u

. (138)

Σ(0,1)
P are plotted in Fig. 14.

The two data points with s = 2 are linearly extrapolated to the continuum limit. The resulting σP (u, 2) is
shown in Fig. ?? as a function of 1/u. In this figure, the perturbative predictions with two different accuracies
are also drawn. The horizontal line at σP = 0.5 indicates the line of γm = 1.
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P (s, l) are determined by fitting δP,0 defined by

δP,0(u, s, l) =
Σ(0)

P (u, s, l) − σPT
P (u, s)

σPT
P (u, s)

= δ(1)
P u + O(u2), (137)
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P are plotted in Fig. 14.

The two data points with s = 2 are linearly extrapolated to the continuum limit. The resulting σP (u, 2) is
shown in Fig. ?? as a function of 1/u. In this figure, the perturbative predictions with two different accuracies
are also drawn. The horizontal line at σP = 0.5 indicates the line of γm = 1.

References

[1] M. Luscher, R. Narayanan, P. Weisz and U. Wolff, Nucl. Phys. B 384 (1992) 168 [arXiv:hep-lat/9207009].

[2] M. Luscher, R. Sommer, P. Weisz and U. Wolff, Nucl. Phys. B 413, 481 (1994) [arXiv:hep-lat/9309005].

[3] S. Sint and R. Sommer, Nucl. Phys. B 465, 71 (1996) [arXiv:hep-lat/9508012].

[4] B. Sheikholeslami and R. Wohlert, Nucl. Phys. B 259, 572 (1985).

[5] M. Luscher and P. Weisz, Nucl. Phys. B 479, 429 (1996) [arXiv:hep-lat/9606016].

[6] T. Appelquist, G. T. Fleming and E. T. Neil, Phys. Rev. Lett. 100, 171607 (2008) [arXiv:0712.0609
[hep-ph]].

[7] T. Appelquist, G. T. Fleming and E. T. Neil, arXiv:0901.3766 [hep-ph].

[8] A. Bode, P. Weisz and U. Wolff [ALPHA collaboration], Nucl. Phys. B 576, 517 (2000) [Erratum-ibid.
B 600, 453 (2001 ERRAT,B608,481.2001)] [arXiv:hep-lat/9911018].

[9] Y. Shamir, B. Svetitsky and T. DeGrand, Phys. Rev. D 78, 031502 (2008) [arXiv:0803.1707 [hep-lat]].

[10] S. Aoki et al. [PACS-CS Collaboration], JHEP 0910, 053 (2009) [arXiv:0906.3906 [hep-lat]].

[11] S. Sint and P. Weisz [ALPHA collaboration], Nucl. Phys. B 545, 529 (1999) [arXiv:hep-lat/9808013].

N. Yamada page 30 / 32

(1)

Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · September 14, 2011

(s, l) (4/3, 6) (2, 6) (8/3, 6) (3/2, 8) (2, 8) (4/3, 12)

δ(1)
P (s, l) [0, 1.6] −0.0158(8) −0.0224(9) −0.0214(16) −0.0075(12) −0.0066(18) 0.0001(18)

χ2/dof 2.2 3.0 1.0 1.2 1.2 1.9

Table 12: Coefficients for perturbative correction, δ(1)
P (s, l) for each pair of (s, l). The square brackets in the

first column indicate the fit range in u.

The lattice step scaling function for ZP is defined by

Σ(0)
P (u, s, l) =

Z lat
P (g2

0, s l)

Z lat
P (g2

0, l)

∣

∣

∣

∣

g2
SF(g2

0 ,l)=u

. (135)

We also define the one-loop improved one by

Σ(1)
P (u, s, l) =

Σ(0)
P (u, s, l)

1 + δ(1)
P (s, l)u

. (136)

The improvement coefficients δ(1)
P (s, l) are determined by fitting δP,0 defined by

δP,0(u, s, l) =
Σ(0)

P (u, s, l) − σPT
P (u, s)

σPT
P (u, s)

= δ(1)
P (s, l)u + O(u2), (137)

to a linear function, where σPT
P (u, s) is the perturbative prediction and eq. (132) is used. The fit results are

shown in Tab. 12. By taking the continuum limit of Σ(0,1)
P , σP (u, s) is nonperturbatively determined.

σP (u, s) = lim
a→0

Σ(0)
P (u, s, l) =

ZP (s L)

ZP (L)

∣

∣

∣

∣

mF =0, g2
SF(L)=u

. (138)

Σ(0,1)
P are plotted in Fig. 14.

The two data points with s = 2 are linearly extrapolated to the continuum limit. The resulting σP (u, 2) is
shown in Fig. ?? as a function of 1/u. In this figure, the perturbative predictions with two different accuracies
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Table 12: Coefficients for perturbative correction, δ(1)
P (s, l) for each pair of (s, l). The square brackets in the

first column indicate the fit range in u.

The lattice step scaling function for ZP is defined by
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0, s l)
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∣
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. (135)

We also define the one-loop improved one by

Σ(1)
P (u, s, l) =

Σ(0)
P (u, s, l)

1 + δ(1)
P (s, l)u

. (136)

The improvement coefficients δ(1)
P (s, l) are determined by fitting δP,0 defined by

δP,0(u, s, l) =
Σ(0)

P (u, s, l) − σPT
P (u, s)

σPT
P (u, s)

= δ(1)
P (s, l)u + O(u2), (137)

to a linear function, where σPT
P (u, s) is the perturbative prediction and eq. (132) is used. The fit results are

shown in Tab. 12. By taking the continuum limit of Σ(0,1)
P , σP (u, s) is nonperturbatively determined.

σP (u, s) = lim
a→0

Σ(0)
P (u, s, l) =

ZP (s L)

ZP (L)

∣

∣

∣

∣

mF =0, g2
SF(L)=u

. (138)

Σ(0,1)
P are plotted in Fig. 14.

The two data points with s = 2 are linearly extrapolated to the continuum limit. If u is the value of the
IRFP, γm is written in terms of σP (u, s) as

γm = −
lnσP (u, s)

ln s
(139)

The resulting γm is shown in Fig. 15 as a function of 1/u. In this figure, the perturbative predictions with
two different accuracies are also drawn. The horizontal line at σP = 0.5 indicates the line of γm = 1.
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At the fixed point,



‣ l1 = a/L1, l2 = s l1

‣Scaling violation gets worse as one goes to the strong coupling.
‣But the linear extrapolations with different s agree with each other.

Continuum limit
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Figure 15: The continuum limit of − ln(σ(u, s))/ ln(s)=(γm).
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coupling:  weak                                                                                                                         strong

EQUATIONS

N. YAMADA

− lnσP (u, s)

ln s
= lim

a→0

− ln ΣP (u, s, a)

ln s

[
= γm(u)

]
(1)

aM = 2 am +
(ap)2

am
− CFαV (r)

a

r
+ · · ·(2)

In the zero-th approximation, the size of bound state is given by

r̄ ∼ 1

p̄
∼ 1

m v̄
∼ 1

mαV (r̄)
(3)

aM = 2 am +
(2π)2

m

( a

L

)2

− CFαV (L)
a

L
+ · · ·(4)

g2
lat(sL, a) = g2(sL) + c

( a

sL
− a

L

)
+ O(a2/L2)(5)

γSF =
8

(4π)2
g2
{
1 + (0.1251 + 0.0046 Nf ) g2

}

γSF
FP =






2.76183 for Nf= 8
1.25265 for Nf=10
0.50772 for Nf=12

∼ O(1)

γSF < 0.6 Sextet QCD with 2-f [DeGrand et al., arXiv:1006.0707v1]
0.05 < γSF < 0.56 2-color adj. QCD with 2-f [Bursa et al., arXiv:0910.4535v1]
0.135 < γSF < 1.03 2-color QCD with 6-f [Bursa et al., arXiv:1007.3067v1]
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Figure 16: 1/u dependence of γm assuming 0.107 < 1/uIRFP < 0.3.
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‣With 6.7 < gFP2 < 10.0,
 0.50 < γm < 1.03
(statistical error only)
‣γm ~ O(1)!

Continuum limit

Preliminary

=1/gSF2



Summary
✓Evidence for an IRFP in 6.7 < g2FP < 10.0.

⇒ 8(?) < Nfc <10
✓0.50 < γm < 1.03 from preliminary analysis.

gFP & γm consistent with T. Ryttov and R. Shrock, PRD83, 056011 (2011)

✓Pinning down γm requires precise value of  g2FP.
✓If  γm ～ 1 has been established, 10-flavor QCD may be 

used as follows:


